A. Baker has constructed certain sequences of cohomology theories which interpolate between the Johnson-Wilson and the Morava K-theories. We realize the representing sequences of spectra as sequences of M U-algebras.
Introduction
The Johnson-Wilson theories and the Morava K-theories constitute two families of multiplicative cohomology theories that play a central role in the approach to stable homotopy theory known as the chromatic point of view. It is an important fact that they can be represented by S-algebras [5, 25] , meaning that the homotopy ring structures on suitably chosen representing spectra E(n) and K(n) (for a fixed prime p) can be rigidified in some point-set category of spectra, like the ones described in [13] or [19] , to strict ones. Moreover, there are maps of S-algebras η n : M U → E(n) and ρ n : E(n) → K(n), where M U is a chosen commutative Salgebra representing complex cobordism. It can be arranged that both η n and ρ n η n are central maps, giving E(n) and K(n) the structure of M U -algebras [5, 20] .
One application, which is the starting point for this paper, is Baker's construction [4] of a sequence of E(n)-module spectra under E(n) of the form (1.1) E(n) −→ · · · −→ E(n)/I s+1 n −→ E(n)/I s n −→ · · · −→ E(n)/I n = K(n). It has the properties that holim s E(n)/I s n ≃ E(n), the Bousfield localization of E(n) with respect to K(n), and that the induced sequence of homotopy groups is isomorphic to the canonical sequence of projections E(n) * −→ · · · −→ E(n) * /I s+1 n −→ E(n) * /I s n −→ · · · −→ E(n) * /I n ∼ = K(n) * , where I n denotes the kernel of the map induced by ρ n on coefficient rings.
The aim of this paper is to strengthen the bond between E(n) and K(n) that (1.1) provides, by constructing it as a sequence of M U -algebras. In fact, our construction applies to a variety of other pairs of M U -algebra spectra T and F , forming what we call a regular pair of M U -algebras (Definition 2.3). This notion embraces a natural class of M U -algebras T and F which have commutative coefficient rings and which are related by an M U -algebra map T → F that induces the projection of T * onto a regular quotient T * /I ∼ = F * on coefficients. Besides (E(n), K(n)), examples are the pairs (BP, P (n)), ( E(n), K(n)), (E n , K n ) and (BP n , k(n)) for an arbitrary prime p. The role of the ground ring spectrum is not restricted to M U . It can be played by any even commutative S-algebra R, meaning that its homotopy groups are trivial in odd degrees. Theorem 1.1. Let (T, F ) be a regular pair over an even commutative S-algebra R. Let n be the length of a regular sequence generating I = ker(T * → F * ). There is a sequence of R-algebra spectra under T , of the form T −→ · · · −→ T /I s+1 −→ T /I s −→ · · · −→ T /I = F, such that the induced sequence of coefficient rings is given by the canonical sequence T * −→ · · · −→ T * /I s+1 −→ T * /I s −→ · · · −→ T * /I ∼ = F * of T * -algebras. If F * is a Z (p) -algebra with p > n, there is a canonical such sequence.
According to this result, the coefficients of T /I s are isomorphic to the ring of functions on the scheme known as the infinitesimal thickening of order s − 1 of the closed subscheme spec(T * /I) ⊆ spec(T * ) defined by I. We therefore refer to the R-algebras T /I s as infinitesimal thickenings of F = T /I.
The proof of Theorem 1.1 relies on the results of [28] . There we construct such "topological I-adic towers" as towers of R-module spectra. This is done in such a way that I s /I s+1 , the homotopy fibre of T /I s+1 → T /I s , is equivalent to a wedge of suspensions of F . In the case where T = R and F is homotopy commutative, topological I-adic towers were first constructed in [6] , using different methods.
As an application of Theorem 1.1, we obtain a qualitative statement concerning the relation of T and F if T = R. We briefly recall some definitions of [26] . A map of commutative R-algebras A → B is said to be symmetricallyétale if the canonical map B → THH A (B) is an equivalence and B is dualizable as an A-module. For an algebra D over a commutative S-algebra C, the structure map C → D is defined to be symmetrically Henselian if each symmetricallyétale map has the unique lifting property up to contractible choice with respect to C → D. Now let F be a regular quotient algebra of an even commutative S-algebra R, by which we mean that (R, F ) is a regular pair of R-algebras. Consider the R-algebra R = holim s R/I s . It may be interpreted as the Bousfield localization L R F (R) of the R-module spectrum R with respect to F [6, 28] . Therefore, it admits the structure of a commutative R-algebra [13, VIII.2.2]. Rognes [26, 9.6.2] has proved the following statement for homotopy commutative F , using the so-called external I-adic tower constructed in [6, 20] . The sequence provided by Theorem 1.1 leads to a new proof, valid for any regular quotient algebra. Corollary 1.2. Let F be a regular quotient algebra of an even S-algebra R. Then the natural map R → F is symmetrically Henselian.
We construct the infinitesimal thickenings of F inductively as singular extensions. This is a method of producing a new R-algebra B from a map A → A ∨ M of Ralgebras over A from a given R-algebra A to the square-zero extension A ∨ M of A by some A-bimodule spectrum M . Homotopy classes of such maps are possible to construct thanks to the fact that they correspond to homotopy classes of Abimodule maps from D A , the fibre of the multiplication map A∧ R A → A, to M [20] . They are therefore strongly related to THH * R (A, M ), the topological Hochschild cohomology groups of A with coefficients in M .
As I s /I s+1 splits into a wedge of suspensions of F , the crucial calculation for the inductive step of the construction is the identification of THH * R (T /I s , F ). We will see that the problem can be reduced to the case where T = R. The situation is fundamentally different for s = 1 and s > 1. For s = 1, a certain universal coefficient spectral sequence converging to THH * R (F, F ) collapses for degree reasons, but the extension problem is quite delicate. We show that R/I 2 can be constructed as a singular extension of F , irrespective of the specific R-algebra structure of F . For s > 1, we first compute the endomorphism algebra F * R/I s (F ) of F , viewed as a left R/I s -module spectrum, by means of a Bousfield-Kan spectral sequence. Similarly, we determine THH * R (R/I s , F ) up to associated graded. To see that the extension problems are trivial, we use a natural coaction of F * R (F ), the coalgebra of R-linear endomorphisms of F , on F * R/I s (F ). The relation to THH * R (R/I s , F ) is provided by a natural map THH * R (R/I s , F ) −→ P (F * R/I s (F )) into the coaction primitives of F * R/I s (F ). We prove that it is an isomorphism. The organization of the paper is as follows. In Section 2, we recall the results from [28] about the construction of topological I-adic towers. We add an argument that shows that the construction is independent of the choice of a regular sequence generating I. In Section 3, we recall the definition and basic facts about singular extensions of algebra spectra. In Section 4, we construct the first and in Section 5 the higher infinitesimal thickenings of F .
Notation and Conventions. We will use the results, notation and terminology from [13] . Throughout the paper, we work over a fixed even commutative S-algebra R. We abbreviate ∧ R by ∧. For an R-algebra A, we refer to the objects of the strict and derived categories M A and D A of left A-module spectra briefly as A-modules.
By an A-bimodule, we mean an A-A-bimodule. We write bM A and bD A for the strict and derived categories of A-bimodules. A free A-module is one equivalent to a wedge of suspensions of A. For two A-modules M and N , we write D * A (M, N ) or [M, N ] * A for the graded R *module of graded morphisms from M to N in D A . It coincides with the homotopy groups of the internal function R-module F A (M, N ). If N is an A-module and M a right A-module, we write N * A (−) for the cohomological functor D * A (−, N ) and M A * (−) for the homological functor π * (M ∧ A −), both defined on D A . An R-ring spectrum is a homotopy R-algebra, i.e. a monoid in the homotopy category D R . The reduced homology and cohomology groups of an R-ring spectrum B with respect to an R-module F are defined as
Here, as well as throughout the paper, we use the notations η and µ to denote the unit and multiplication maps of the R-algebra or R-ring spectrum in question.
For an object X in some category C, both notations X and 1 are used for the identity map on X. An arrow labelled "can" denotes a canonically given map, which should be clear from the context. If M * and N * are modules over a graded commutative ring Λ * , we write Hom * Λ * (M * , N * ) and End * Λ * (M * ) for the graded Λ *linear homomorphisms and endomorphisms, respectively. The tensor, exterior and symmetric algebras on M * are denoted by T * , * Λ * (M * ), Λ * , * Λ * (M * ) and Sym * , * Λ * (M * ), respectively. One grading comes from the construction of these algebras, the other from the one on M * . We use the same symbols with just one upper case star to denote the corresponding algebras, graded by the total gradation. An unadorned ⊗ means the tensor product ⊗ R * over the coefficients of the S-algebra R.
Topological I-adic towers
Assume that x = (x 1 , . . . , x n ) is a given regular sequence of elements in the coefficient ring R * = π * (R) of R, generating an ideal J. Then the homotopy groups of the R-module L x , defined as
are isomorphic to R * /J. Here we use the notation R/x i to denote the cofibre of x i , viewed as a graded endomorphism of R in the homotopy category D R . If x ′ is another regular sequence generating the same ideal J, there is a equivalence
As R does not have any endomorphisms of odd degrees, the equivalence is canonical. So from now on, we will omit x from the notation and alternatively write R/J for L.
Under the additional hypothesis that each element x i of a chosen sequence x is a non-zerodivisor, we can endow all the R/x i with an R-ring structure [27, 3.1] . Taken together, these products define one on L. Furthermore, it has been observed in [1] that the argument used in [25] to prove that the Morava K-theories admit A ∞ -structures can be generalized to show that in the present situation, R/J can be promoted to an R-algebra. Definition 2.1. We call L = R/J, endowed with a chosen R-ring structure, a regular quotient ring of R. If we moreover fix an R-algebra structure on L, we refer to it as a regular quotient algebra of R.
Examples 2.2. The spectrum E(n) representing completed Johnson-Wilson theory has a unique commutative S-algebra structure [7] for all n and all primes p, so that the Morava K-theory spectrum K(n) can be realized as a regular quotient algebra of E(n). Similarly, the Morava E-theory or Lubin-Tate spectrum E n is a commutative S-algebra in a unique way for any n and p [16, 24] . The version of Morava K-theory whose representing spectrum is commonly denoted by K n (see e.g. [15] ) can then be constructed as a regular quotient algebra of E n .
As mentioned in the introduction, the setup just described is more restrictive than necessary and can be easily generalized to cover many more examples. Namely, assume that in addition to R and a regular sequence x of non-zerodivisors generating J ⊳ R * , as above, we are given an R-ring spectrum T whose coefficient ring T * is commutative. Moreover, we require that x is regular on the R * -module T * as well. We write I = J · T * ⊳ T * . The R-module F = T /I = T ∧ L = T ∧ R/x 1 ∧ · · · ∧ R/x n has homotopy groups F * ∼ = T * ⊗ R * /J ∼ = T * /I. An R-ring structure on L chosen as above and the given one on T induce an R-ring structure on F . Analogously, if T is given as an R-algebra, any R-algebra structure on F induces one on F . Definition 2.3. If T is an R-ring spectrum satisfying the above conditions and an R-ring structure on L is fixed, we call (T, F = T ∧ L) a regular pair of R-ring spectra. If moreover T is an R-algebra and an R-algebra structure on L is fixed, we say that (T, F ) is a regular pair of R-algebras.
Remark 2.4. In [28] , we considered regular pairs (T, F ) of R-ring spectra with the additional property that the R-ring structure on T is commutative and called such triples (R, T, F ) regular. An inspection shows that the construction of topological I-adic towers in [28] does not depend on the commutativity of T . The assumption that T * is commutative is sufficient.
Examples 2.5. The pairs (E(n), K(n)), (BP , P (n)), (BP n , k(n)), ( E(n), K(n)) and (E n , K n ) (see [15, 23] ) are all regular pairs of M U -algebras, for all n and p. For the first three pairs, this follows for instance from [1, 4.2] or is proved in [5] . For the last two pairs, it is a consequence of the fact that E(n) is an M U -algebra, as the canonical map E(n) → E(n) is Bousfield localization with respect to K(n) (see e.g. [28, 6.13] ) and hence a map of M U -algebras by [13, VIII.2.1], and because the canonical map E(n) → E n is a map of commutative M U -algebras [26, 1.5] .
In the following, (T, F = T ∧ L) denotes a regular pair of R-ring spectra, with
Here β i and ρ i are taken from the cofibre sequences
The first part of the following result is a consequence of [27, 4.15] and [27, 4.19] , the second part is proved in [21, 2.6] or [1, 4.1] . The coalgebra structure on L * R (L) is induced by the multiplication of L and a Künneth isomorphism.
By construction, the Q i depend on the choice of the sequence x. However, there is a "coordinate-free" description of L * R (L), due to Strickland. We will use it to show that the construction of I-adic towers does not depend on the choice of x. Recall that a homotopy derivation g : L → M to an L-bimodule spectrum M is defined to be a map of R-modules making the diagram
commutative. The vertical maps are given by the product on L and the biaction of L on M . We write Der k R (L, M ) for the set of derivations L → Σ k M . (We reserve the notation Der k R (L, M ) for strict derivations; see Section 3.) Strickland constructs a natural map Der * R (L, L) −→ Hom * +1 R * (J/J 2 , L * ) and shows that it is an isomorphism [27, 4.19] . The construction works for an arbitrary L-bimodule M . Strickland's result shows:
is the exterior algebra generated by Der * R (L, L). The construction of I-adic towers described in [28] can be slickened by using as an auxiliary object a certain R-algebra P , whose homotopy ring realizes a polynomial ring R * [y 1 , . . . , y n ] in generators y i of degree |y i | = |x i |. To define it, we need the tensor R-algebra construction T R (M ) on an R-module M [13, VII.2.9], given by
We let P be the R-algebra
As a consequence of a Künneth isomorphism, its homotopy ring P * is isomorphic to R * [y 1 , . . . , y n ]. Continuing the analogy between algebra and topology, we define gr I (T ) to be F ∧ P . The notation is legitimate, as the homotopy groups of gr I (T ) realize the algebraic associated graded ring gr
The R-algebra P can be endowed with a grading, by assigning the spheres S |xi| R degree one. So it makes sense to speak of the component of homogeneous degree s. By construction, it is a graded free L-bimodule spectrum. We abuse notation and denote it by J s /J s+1 , as it has homotopy groups
Furthermore, gr I (T ) is a graded bimodule over P . We write I s /I s+1 for its components, which have homotopy groups
By extending scalars along the unit R → P of P , we obtain a map of graded P -modules δ * : gr I (T ) → Σ gr I (T ), with components
These maps determine a topological I-adic tower, by means of relative homological algebra in the triangulated category D R [12, 22] . We briefly recall the terminology and refer to [28] for more details and additional references.
with the following two properties. Firstly, each I k is a retract of an R-module of the form E ∧ X k for some X k . Secondly, the image of the sequence under the functor E ∧ − is split, i.e. equivalent to a sequence of the form
where the maps are the natural ones. The fundamental fact about relative injective resolutions is that each such determines a unique (up to non-canonical equivalence) diagram of the form (arrows with a circle denote maps of degree -1)
Let i : I s+1 → I s and p : I s → I s /I s+1 denote the canonical inclusions and projections respectively.
Theorem 2.8 ([28, 6.6]). The sequence of R-modules
is a relative injective resolution of T with respect to F . The homotopy groups of its associated Adams tower
By "reversing" the tower in the statement of the theorem, using the octahedral axiom [18, A.1.1], we obtain a tower
| | y y y y y y y y I 2 /I 3 ν y y I/I 2 ν y y whose homotopy groups are isomorphic to what the notation suggests. Proposition 2.9 ([28, 6.6]). There are short exact sequences of free F * -modules
. . , a n ). The proof of [28, 6.6] shows that there are short exact sequences of free F * -modules
and that the sequences of Proposition 2.9 are isomorphic to the image of (2.5) under F * R (T ) ⊗ −. Remark 2.11. The constructions described in this section can be generalized to cover quotients by ideals generated by infinite sequences. See [28] .
Remark 2.12. An alternative construction of topological I-adic towers for the case where T = R and where F is homotopy commutative is given in [6] .
Singular extensions of S-algebras
Let A be an R-algebra, not necessarily commutative. An R-algebra over A is an R-algebra B together with a map π : B → A of R-algebras. A map of R-algebras over A is a map of R-algebras which respects the structure maps. We write A R/A for the resulting category of R-algebras over A. The model structure on the category of R-algebras gives rise to one on A R/A [17, 1.1]. We denote the homotopy category by Ho
B is another R-algebra over A and f : B → A ∨ M a map in Ho A R/A , we can form the homotopy pullback of f and i: 
which maps to cofibre sequences in D C and D R under the forgetful functors.
The B-bimodule of associative differentials D B is defined to be the fibre of the multiplication B ∧ B → B. (We use the notation D B rather than Ω B from [20] , to distinguish the notion from the module of commutative differentials of a commutative R-algebra, defined in [8] .) Extending scalars along B → A yields the 
The "universal derivation" is defined to be the map of R-modules Proposition 3.5. In the given situation, the multiplication I ∧ C I → I is trivial.
Proof. First observe that the C-bimodule underlying M is equivalent to ΣI. Consider the following commutative diagram of C-bimodules:
On each line, the two parallel maps are given by multiplying the middle smash factor with the left and the right factors, respectively. The right horizontal maps are the canonical ones. The dotted arrows are determined by the vertical solid maps. As the left and middle vertical maps on the back face are both zero, so is the right one and hence the product.
Constructing the first order infinitesimal thickening
From now on, we assume that (T, F = T ∧L) is a regular pair of R-algebras. The first aim of this section is to show that the homotopy derivation δ 0 : F → ΣI/I 2 defined in Section 2 can always be realized as a strict derivation, independently of the chosen R-algebra structure on F . This has been shown by Lazarev for R = T = M U and F = HZ/p [20, 10.2]. The proof for the general case is analogous. The argument given in [20] is rather brief, and it has taken the author some time to work out a complete proof. We therefore include it here, for the convenience of the reader.
Let us first assume that R = T , so that F = L. As a consequence of Proposition 2.6, the E 2 -term of the universal coefficient spectral sequence [13, IV.4]
is isomorphic to a polynomial algebra F * [z 1 , . . . , z n ] in elements z i of bidegree (1, −|x i | − 1). It will be more convenient to have a description which does not depend of the choice of a basis of F R * (F op ). Let us denote the augmentation ideal ker(µ * : F R * (F ) → F * ) ∼ = (D F ) * by D and consider the short exact sequence
determines a short exact sequence α * (E), by means of the pushout construction. This defines a map
. The spectral sequence (4.1) collapses for degree reasons. Thus, we find that the associated graded of THH * R (F, F ), with respect to the spectral sequence filtration, is given by gr * (THH * R (F, F )) ∼ = Sym * F * ((D/D 2 ) ∨ ). Using the identification Proof. We have to check that the forgetful map V * F , defined as the composition
, maps an element in the stated coset to δ 0 . To that end, we consider the morphisms induced by U and d * F on the universal coefficient spectral sequences
2 ) 3 = Ext * , * R * (F * , (ΣI/I 2 ) * ) =⇒ D * R (F, ΣI/I 2 ) All three spectral sequences collapse: We have seen this for the first one above, for the second one this is proved as [28, 6.5] and for the third one, this follows from the same result, as a consequence of the fact that D * F is F * -free. By Lemma 4.2 below, d * F : F * → D * F is trivial. Hence the induced morphism on the associated graded gr(d * F ) : gr * (D * R (D F , ΣI/I 2 )) −→ gr * (D * R (F, ΣI/I 2 )) is zero and so gives rise to a map gr * (d * F ) : (D * R (D F , ΣI/I 2 )) −→ gr * +1 (D * R (F, ΣI/I 2 )). We now check that the composite gr * (d * F ) • gr * (U ) : gr * (Der * R (F, ΣI/I 2 )) −→ gr * +1 (D * R (F, ΣI/I 2 )) maps the coset x corresponding to the identity of D/D 2 to the coset representing δ 0 . The element of Ext *
By the Geometric Boundary Theorem (see [28, 6.4] for instance) and Lemma 4.2 below, gr * (d * F ) is represented by the connecting homomorphism of Ext R * (−, F * ) associated to the short exact sequence (4.6). It maps q to the short exact sequence
which, by [28, 6.5] , represents δ 0 . So we have shown that any element in the coset of x maps to δ 0 , modulo elements of filtration 2. However, the image of V F is contained in the homotopy derivations, by Lemma 3.3. By Proposition 2.7, there are no homotopy derivations of filtration higher than one. Therefore the proposition is proved. 
where i is the canonical inclusion I/I 2 → R * /I 2 , with degree shifted by one.
Proof. By definition, d F is the image of the identity on D F under the forgetful map
. It is therefore a homotopy derivation, by Lemma 3.3. Now consider the universal coefficient spectral sequence
Because D F is an F -module spectrum with F * -free homotopy groups, D F is equivalent as an R-module to a free F -module. As already noted above, the analogous spectral sequence converging to F * R (F ) collapses, hence so does (4.7). What we need to show is that the element representing d F lies in the first Ext-group and corresponds to the short exact sequence (4.6) (see e.g. [28, 6.3] ). By [28, 6.2] , the composition
, (D F ) * ) induced by applying first F R * (−) and then using the left action of F on D F , is an isomorphism. We claim that the homomorphism F R * (F ) → (D F ) * corresponding to d F is the projection
To show this, we use the fact [20, 4.1] 
, defined as (4.8), to the homomorphism x −→ x − µ * (x) · 1. By naturality, this proves the claim. Now consider the following diagram, where the left map is the natural one, the right map is induced by the projection F R * (F ) → D/D 2 and the lower map is the isomorphism (2.1) from Proposition 2.7:
y y
We leave it to the reader to verify that the diagram commutes. Alternatively, he may check that, for an F -bimodule M , the restriction of the natural isomorphism
from [28, 6.2] to Der * R (F, M ) factors through Hom * F * (D/D 2 , M * ), and that the induced map is an isomorphism if M is F -free. This observation leads to another construction of the isomorphism (2.1). Together with what we have seen above, diagram (4.9) shows that d F corresponds to the inclusion D/D 2 → (D F ) * . Now the short exact sequence
gives rise to a natural isomorphism γ : Hom * F * (D/D 2 , (D F ) * ) ∼ = Ext 1, * R * (F * −1 , (D F ) * ), in the same way as (4.2) was obtained. It is not difficult to see that the induced isomorphism Der * R (F, D F ) ∼ = Ext 1, * R * (F * −1 , (D F ) * ) maps a given derivation to the element which represents it in the spectral sequence (4.7). As γ sends the inclusion D/D 2 → (D F ) * to (4.6), the lemma is proved. Thus, we obtain a cofibre sequence of T /I 2 -bimodules of the form (4.10) · · · −→ I/
A chosen element ϕ ∈ (D/D 2 ) ∨ determines a map
This induces an F * -linear map
The composition with the natural map F * T /I 2 (F ) → F * R (F ) corresponds to the inclusion of the homotopy derivations Der * R (F, F ). In particular, (4.11) is injective.
Proposition 4.6. The homomorphism (4.11) extends to an algebra isomorphism
Proof. Consider the universal coefficient spectral sequence E * , * 2 = Ext * , * T * /I 2 (F * , F * ) =⇒ Hom * T /I 2 (F, F ).
By Lemma 4.8 below, the E 2 -term is isomorphic as an algebra to the tensor algebra T * F * ((D/D 2 ) ∨ ). By [28, 6.5] and the remarks above, the image of (4.11) is represented by the first Ext-group. Hence this consists of permanent cycles. As the spectral sequence is multiplicative, this forces it to collapse. It follows that (4.11) induces an isomorphism on the associated graded modules. As the spectral sequence converges strongly, (4.11) itself is an isomorphism [10, 2.6] . Proof. It is a map of algebras and hence given by the projection
(compare Remark 2.10). Under the additional conditions, the antisymmetrization map provides a section.
There is an isomorphism of algebras
Proof. It is easy to write down an R * /I 2 -free resolution of F * . Namely, let L/L 2 be a free R * /I 2 -module on generators y i of (cohomological) degree −|x i |. There is an R * /I 2 -free resolution of F * of the form
The differential δ s is defined as
where ϕ : L/L 2 → R * /I 2 evaluates y i at x i . Mapping the complex into F * kills all the differentials, so the statement is true additively. For the multiplicative structure, one can check that the resolution is compatible with the comultiplication on T * R * (L/L 2 ) whose dual is the tensor product multiplication.
Higher order infinitesimal thickenings of F
The aim of this section is to inductively construct the infinitesimal thickenings T /I s for s > 2. Using the same argument as in the proof of Corollary 4.3, we can restrict to the case where R = T , i.e. where F is a regular quotient algebra of R. From now on, we assume that we are in this situation. For the inductive step s s + 1, we need to compute the module of strict derivations Der * R (R/I s , F ). Using From now on, the standing assumptions are that F is a regular quotient algebra of R and that the sequence of Theorem 1.1 has been constructed up to R/I s . If we refer to a statement in a previous section which is phrased for a regular pair (T, F ) of R-algebras, we mean the pair (R, F ).
We prove Theorem 5.1 at the end of this section. The major ingredient that goes into the proof is an analysis of Bousfield-Kan spectral sequences converging to F * R/I s (F ) and THH * R (R/I s , F ). We prove as Proposition 5.4 that both E 2 -terms are F * -free and that both spectral sequences collapse. This permits us to determine the F * -module F * R/I s (F ). As THH * R (R/I s , F ) does not have an F * -action a priori, we need an additional argument for its identification. It makes use of a natural right F * R (F )-coaction on F * R/I s (F ), which comes about as follows. Note first that it is not possible to construct a coproduct on F * R/I s (F ) in the usual way, as R/I s is not commutative. However, the following statement, together with the adjunction isomorphism F * R/I s (F ) ∼ = F * F (F ∧ R/I s F ), shows that F * R/I s (F ) has a natural F * R (F )-coaction. Proposition 5.2. Let X be an F -bimodule. Then there is a natural right coaction
Proof. By the usual argument, the natural map
) induced by the right action of F on X gives a map of the required form. It is straightforward to check that it is coassociative and counital. 
) into the coaction primitives P (F * R/I s (F )). Proof. It is given by the composition 
By Proposition 2.9, the lower sequence is short exact. Furthermore, both vertical maps are surjections, by Corollary 4.7. Hence we obtain a canonical surjection
. The two-sided bar resolution of R/I 2 is of the form
On applying F R/I 2 (− ∧ R/I 2 F, F ), we obtain a cosimplicial resolution
of F R/I 2 (F, F ). This leads to a Bousfield-Kan spectral sequence, which conditionally converges to F * R/I 2 (F ). Its E 2 -term is the cohomology of the cochain complex which is associated to the cosimplicial R * -module given by the homotopy groups of (5.3). As a consequence of Proposition 2.9, there are Künneth isomorphisms
The components of the normalized cochain complex are given by N p, * = ker s 0 ∩ · · · ∩ ker s p ⊆ E p, * 1 , where the s i are the codegeneracy maps. They are induced by
where η : R → R/I 2 is the unit map. It follows that the s i are given by
→ F * is the augmentation and the factor under is omitted. Hence we have N p, * = F * R (R/I 2 ) ⊗p ⊗ F * R (F ). By Lemma 5.5 below, F * R (R/I 2 ) is trivial as a coaugmented coalgebra. Furthermore, the coaction of F *
is zero, by Proposition 2.9. Hence it follows that the normalized cochain complex has trivial differentials, so that
. Now we use the fact that this spectral sequence has a multiplicative structure, which corresponds to the composition pairing on the target. It is induced by
The proof that this gives rise to a product structure on the spectral sequence is analogous to the one given in [9] for the homotopy spectral sequence of a space with coefficients in a ring. In particular, this implies that our spectral sequence has an action of E 0, * 2 ∼ = E 0, * ∞ ∼ = F * R (F ). The E 2 -term is given as an algebra as
Because (5.1) is surjective, F * R (R/I 2 ) consists of permanent cycles. So by multiplicativity, the spectral sequence collapses. There are no non-trivial extension because the target is an F * -module. Furthermore, it is clear that the spectral sequence respects the F * R (F )-comodule structure. Under the additional hypothesis on F * , the section F * R/I 2 (F ) → F * R (F ) from Corollary 4.7 induces a section of (5.1). This concludes the argument for the first part of the statement for s = 2. For the second part, observe that applying F R/I 2 ∧F (− ∧ R/I 2 F, F ) to the bar resolution (5.2) leads to a cosimplicial resolution
Arguing as before, we find that the E 2 -term of the induced spectral sequence is isomorphic to T * , * F * ( F * (R/I 2 )). The natural map to the collapsing spectral sequence derived from (5.3) is injective on E 2 -terms. Hence the spectral sequence converging to THH * R (R/I 2 , F ) collapses as well. Just like the other spectral sequence, it has a multiplicative structure. Using Corollary 5.3 and arguing as in the proof of Proposition 4.6, we finish the proof for s = 2.
Let now s > 1 be arbitrary. As a consequence of Corollary 4.7, the natural map F * R/I s (F ) → F * R (F ) is surjective. All we need to show now is that there is a canonical surjection (5.5) ker F * R/I s (F ) → F * R (F ) −→ F * (R/I s ), generalizing (5.1). The rest of the argument is precisely analogous to the one for s = 2. To construct (5.5), we consider the commutative diagram Let A * be an augmented F * -algebra with augmentation ε : A * → F * . We say that A * is trivial if the restriction of the multiplication to A * = ker ε ⊆ A * is trivial. Analogously, we define when a coaugmented coalgebra is trivial. Lemma 5.5. As an augmented algebra, F R * (R/I s ) is trivial. Similarly, F * R (R/I s ) is trivial as a coaugmented coalgebra.
Proof. This follows from Propositions 3.5 and 2.9.
Remark 5.6. If R is the Eilenberg-MacLane spectrum HΛ of a commutative ring Λ, Proposition 5.4 states that . This is a well-known fact in commutative algebra. It is usually considered in the case where Λ is a regular local ring with maximal ideal I. Equation (5.6) implies that Λ/I s is a Golod ring under this assumption. See [3] for details.
Before we give the proof of Theorem 5.1, we briefly pause to consider the following natural question. We have seen above that F * R/I s (F ) is F * R (F )-cofree and that the natural transformation from Corollary 5.3 is an isomorphism. Is this a general phenomenon? I.e. is the natural transformation (5.7)
F * F ∧F op (X) −→ Hom * F * R (F ) (F * , F * F (X)) ∼ = P (F * F (X)), which is defined for any F -bimodule X, an isomorphism as soon as F * F (X) is F * R (F )cofree? This is indeed the case, as a consequence of the following result.
Proposition 5.7. There are natural Adams-type spectral sequences Coext * , * F * R (F ) (F * , F * F (X)) =⇒ F * F ∧F op (X), whose edge homomorphism coincides with (5.7).
Proof. For given X, form the tower of F -bimodule spectra
where X s+1 is inductively defined as the cofibre of right scalar multiplication on X s , X s ∧ F → X s . Applying F * F (−) gives a relative injective resolution of F * F (X) over F * R (F ). Furthermore, for X of the form X = Y ∧ F , we have F * F ∧F op (X) ∼ = F * F (Y ), and this isomorphism is induced by the natural transformation (5.7):
. Therefore the spectral sequence exists by standard arguments.
